We investigate the detection problem of quantum nonlocal correlation by two qubit detectors.
I. INTRODUCTION
In the quantum information theory, the entanglement is a crucial property which describes a nonlocal correlation in the quantum mechanics. Due to the nonlocal feature of quantum entanglement, we can perform various protocols, such as quantum teleportation, superdense coding, quantum error correction, and so on [1] . The Bell-CHSH inequality characterizes a nonlocal correlation of the entanglement [2] . Based on the mathematically rigorous argument, the Bell-CHSH inequality [3] is satisfied only for the local hidden variable theories and a quantum state which violates this inequality cannot be yielded in hidden variable models.
The two aspects of quantum correlations, quantum entanglement and the violation of Bell-CHSH inequality (the Bell-CHSH nonlocality), are not equivalent and they are non-trivially related to each other [4] . Also in the quantum field theory, the quantum correlations play important roles. The vacuum state in the quantum field theory shows entanglement between spatial regions, which induces the Unruh effect [5] and determines the structure of the wave function of the vacuum (in particular, it is described by the tensor network [6] ). Reeh and Schlieder showed that an arbitrary state of quantum field can be approximated by acting some local operators on the vacuum state [7] , and such a property implies that the vacuum state is entangled among separated spatial regions. Also, it was shown that the free vacuum state violates the Bell-CHSH inequality by considering correlations between two spatial separated regions [8] . The vacuum of quantum field displays quantum entanglement and the violation of the Bell-CHSH inequality, hence these correlations essentially characterize the (many-body) property of the quantum field itself.
In connection with the vacuum entanglement of the quantum field, the detection of such quantum correlations by local observers has been investigated. The local detection problem tells us how the quantum resources of the vacuum is available, and provides the model of a suitable experimental setting to detect the spacelike quantum correlation of the vacuum. The local observer is usually modeled by a harmonic oscillator [9] [10] [11] or a qubit system [12] [13] [14] [15] [16] [17] [18] [19] .
Reznik et. al [12] considered two qubit detectors initially not correlated. These detectors are coupled to a massless scalar field and do not interact directly with each other. Then it was shown that the entanglement can be detected but the violation of the Bell-CHSH inequality was found only after applying a local filter [20] . The local filtering operation is a kind of measurement process acted on each qubit by local observers Alice and Bob, which is constructed by post-selected (probabilistic) local operations and classical communication (LOCC). When we choose the operation properly, the Bell-CHSH nonlocality of the detectors' state can be enhanced. This method is also applied to the cosmological situation to reveal the quantum nonlocality in the early universe [21] . In the quantum information theory, the optimal construction of the local filter which gives the maximal violation of the Bell-CHSH inequality was provided by papers [22, 23] . However, the optimal construction is not used in Ref. [12] and it is unclear whether its given filtering is optimal or not. Also, the local filtering operation is a probabilistic process and hence we should consider its probability to discuss the feasibility of the detection of the violation of the Bell-CHSH inequality.
In this paper, we investigate the detection problem of quantum nonlocality by two qubit detectors. The initial state of the detectors is usually assumed to be the uncorrelated ground state, however we also treat the excited state of the detectors. By such a generalization of the detectors' state, we clarify what is playing a crucial role to detect the quantum entanglement and the Bell-CHSH nonlocality. As an entanglement measure, we compute the negativity of the qubit detectors, which completely characterizes the entanglement for two qubits system [24] . Also we yield the optimal filtering operation for the two detectors by the construction method given in Ref. [23] to reveal the violation of the Bell-CHSH inequality.
We show that the local filtering constructed by the systematic method corresponds to that given previously in Ref. [12] , and the explicit formula of the success probability of the filtering operation is derived. For the reliable detection of the Bell-CHSH nonlocality between a spacelike regions in the vacuum, we explore the better setting of the detectors with a high success probability of the optimal local filtering. Through the analysis of the entanglement and the Bell-CHSH nonlocality revealed by the optimal filter for three different initial states, we show that the detected quantum correlation is determined by the two effects; one is the coherence of the detectors' state and another is the spontaneous emission given by the local dynamics of each detector. In addition, it is shown that as the transition probability of the spontaneous emission grows, the quantum correlation between the detectors decreases and the success probability of the optimal filtering increases. Thus, there is a trade-off relation between the size of the parameter region indicating the quantum correlation and the success probability. This paper organized as follows. In Sec. II, we introduce the system composed of two qubit detectors and a massless scalar field. For the second order of the coupling, we solve the dynamics under initial product states of the detectors and the vacuum state of the massless scalar field. Then we obtain the reduced density matrix of the detectors represented by a X state. In Sec. III, we calculate the negativity and the expectation value of the Bell operator for a X state. In Sec. IV, we explicitly construct the optimal filtering for a X state and derive the success probability of the filtering. In Sec V, we discuss the quantum entanglement and the Bell-CHSH nonlocality of detectors system and show the quantum correlation is determined by the coherence and the spontaneous emission of scalar particles.
Sec. VI is devoted to summary and conclusion.
II. PERTURBATIVE DYNAMICS OF TWO DETECTORS COUPLED TO SCALAR FIELD
The vacuum state of a many body system or a quantum field has the nonlocal quantum (long-range) correlation. To investigate the detectability of the quantum correlation by local observers, we consider qubit detectors coupled to a massless scalar field. The free Hamiltonians is H free = H A + H B + H φ with
where σ z A,B is the Pauli matrix, Ω is the energy gap of the qubits, H φ is the free Hamiltonian of the massless scalar field φ and π := ∂ t φ is the conjugate momentum of the scalar field.
The interaction Hamiltonian is
where x A and x B denote each spatial position of the two detectors, that is, the two detectors are at rest at each position and locally interact with the scalar field. We assume that the switching function g(t) is the Gaussian function
where g 0 is a coupling constant and σ is a time interval while the interaction turns on.
Roughly speaking, the detectors interact with the scalar field for |t − t 0 | ≤ σ. The choice of the Gaussian switching is more appropriate to extract the quantum correlations than a sudden switching function [16] . We assume that the initial state of the total system is a product state
where a, b = ±1 denote eigenvalues of σ z A,B and |0 φ is the vacuum state of the scalar field. We also use the notation | ↑ = |+1 , | ↓ = |−1 to represent the state of qubits. In the interaction picture, the out-state under the second order of the coupling is given by
whereṼ is the interaction Hamiltonian in the interaction picture, T denotes the time ordering, and the operators Φ 
Each term in the equation (5) can be interpreted using the diagrammatic representation described in Fig. 1 . For example, the second term in the equation (5) denotes that the detector A interacts once with the scalar field, then the qubit A is flipped. By tracing out the state of the scalar field, the reduced density matrix of the two detectors after the interaction is derived as follows:
where easier. Concretely, the non-diagonal components of the density matrix are
and the diagonal components are given as
where r = |x A − x B | and the formula of ρ 44 (a, b) is derived by the Wick theorem. Note that the non-diagonal components ρ 23 (a, b) and ρ 14 (a, b) depends on the Wightman function for the massless scalar field
where is the UV cutoff parameter. The detectors with an initial product state can be entangled by the local interaction with the scalar field in the equation (2) . We can explicitly compute ρ 22 (a), ρ 33 (b), ρ 23 (a, b) and ρ 14 (a, b) as
where Erfc[z] is the error function defined by
The detailed derivation (16) and (17) is presented in the Appendix A. From the explicit formulas of the density matrix, the quantum correlation of the scalar field detected via the two detectors can be computed.
III. NEGATIVITY AND BELL-CHSH INEQUALITY FOR X STATE
As the state of the detectors depends on the two-point function for the scalar field, we expect that the initially product state of the detectors becomes correlated after the interaction. To evaluate the quantum correlation between the two detectors, we consider the negativity and the Bell-CHSH inequality. The negativity is defined by the eigenvalues of a partial transposed density matrix ρ
where λ i are the eigenvalues of the partial transposed density matrix ρ
AB . If the negativity does not vanish, then the state is entangled. Especially, the opposite of the statement is true when the Hilbert space
Thus, the negativity has a nonzero value if and only if the given state is entangled [26] , and hence the negativity completely characterizes whether the state of the detectors is entangled or not. For an X state, the negativity is explicitly obtained as
The conditions N 1 > 0 or N 2 > 0 are rewritten in the simple form as
For the detailed understanding of the quantum non-local correlation, it is important to evaluate the Bell-CHSH inequality [3] given by the correlation function for the qubit A and B. To compute the Bell-CHSH inequality, we introduce the Bell operator
where n, n , m, m are unit vectors. We consider the maximum expectation value β of the Bell-CHSH operator
For separable states, β(ρ AB ) satisfies the following Bell-CHSH inequality
The inequality (26) 
For an X state, the maximum value β(ρ AB ) can be calculated explicitly as
where we used the Horodecki theorem [25] which provides the method to obtain the explicit form of β from the singular value of the matrix
Note that the Bell-CHSH inequality is satisfied for the state of two detectors system given by (14)- (17) , and then β 1 and β 2 for a small g 0 are evaluated as
where ρ 22 and ρ 33 are O(g 2 0 ). Hence the maximum expectation value of the Bell operator β is smaller than unity and the Bell-CHSH inequality is always satisfied. On the other hand, it is possible for the detectors to have a nonzero negativity because the condition for the entangled state (23) does not depend on the strength of coupling (the both sides of the inequality (23) have the same order for the coupling). Figure 2 shows the contour plot of the negativity in (Ωr, Ωσ) space for the detectors' initial state | ↓ A ↓ B . The dashed line denotes the "null" curve r = σ and then we find that the negativity has a nonzero value for a spacelike region r > σ. As we have seen above, the state of the detectors is entangled and satisfies the Bell-CHSH inequality. Interestingly, it is known that the violation of the Bell-CHSH inequality (the Bell-CHSH nonlocality) for such a state can be revealed by a local filtering operation [20] .
IV. LOCAL FILTERING OPERATION FOR X STATE
We introduce a local filtering operation for the two qubit detector system. The local operation is defined by
where M A , N B are local operators (2 × 2 matrices) for each subsystem and p =
represents the success probability to attain the filtered state. Those operators have inverse matrices and satisfy the conditions
The local filtering operation is regarded as the local measurement process of each qubit and selects one outcome after this operation (regarded as the probabilistic LOCC). Although the stochastic process with the probability p is a local process, but the Bell-CHSH nonlocality of the bipartite system can be enhanced.
A. Key theorems
There are two important theorems to reveal the Bell-CHSH nonlocality by the local filtering operation [22, 23] : 
where |Bell
According to above theorems, we need the local operation transforming a given state to a Bell diagonal form to reveal the Bell-CHSH nonlocality for the state because the Bell diagonal form of the state is necessary for max β > 1. In general, it is complicated to construct a local operation which transforms a given state to a Bell diagonal state, however we easily get it for an X state. We note that a Bell diagonal state 
This state corresponds is the X state with
All we have to do is to transform a given X state to the X state satisfying these conditions by an appropriate filtering operation. We apply the local z rotation exp[−iθ σ z A /2 − iφ σ z B /2] to a given X state. The diagonal components are invariant and the non-diagonal components are transformed as
We can choose the parameters θ, φ so that ρ 14 , ρ 23 are positive and satisfy ρ 23 = ρ * 23 , ρ 14 = ρ * 14 . Without loss of generality, we assume that the diagonal components satisfy ρ 11 ≥ ρ 22 ≥ ρ 33 ≥ ρ 44 . From the theorem 1, we can uniquely transform the two qubit system to a Bell diagonal form by a local filtering operation. Hence it is sufficient to find one of the filtering operations converting a given X state to a Bell diagonal state. For this purpose, we consider the local operation defined by
where 0 < η 2 A ≤ 1 and 0 < η 2 B ≤ 1. This operation corresponds to the amplitude damping channel with a post selection and was used in Ref. [12] to detect the Bell-CHSH nonlocality.
Under the local operations (38), the X state is transformed to
where p = η 
then the X state becomes the Bell diagonal state with the spectrum {λ µ } given by
Eq. (40) provides the optimal values of the local filters for detection of the Bell-CHSH nonlocality and the success probability p of the optimal filtering is
This is probability characterizes the reliability of detecting the Bell-CHSH nonlocality by the local filtering operation. 
where we used the equation (35). Hence, whenever the largest eigenvalue of λ µ exceeds 1/2 (the spectrum {λ µ } is biased towards any one of the four Bell states), then the Bell diagonal state is entangled. Further, we focus on the Bell-CHSH nonlocality for the Bell diagonal state. When the maximum value β is larger than 1 (that is, β 1 > 1 or β 2 > 1 in the equation (28)), the eigenvalues satisfy
where λ 0 ≥ λ 3 and λ 1 ≥ λ 2 are imposed by the equation (41). If we assume λ 0 > 1/2 then
To summarize, the typical region of the spectra satisfying the entanglement condition (43) and the Bell-CHSH nonlocality (necessary) conditions (45) are presented in Fig. 3 . As is shown, the Bell diagonal state has the Bell-CHSH nonlocal correlation when {λ µ } concentrates in one of the Bell basis. 
V. DETECTION OF BELL-CHSH NONLOCALITY WITH LOCAL FILTER
In this section, we examine the quantum entanglement and the Bell-CHSH nonlocality detected by the two qubit detectors with the initial conditions
. For the detection of the Bell-CHSH nonlocality, we apply the local filter to the qubit detectors' state given in Sec. IV and evaluate the success probability of the optimal filtering.
Then we clarify what properties determine the detection of the quantum correlation of the scalar field and the success probability of the filtering.
A. The initial condition | ↓ A ↓ B
We consider the initial condition of the detectors (a, b) = (−1, −1) corresponding to the state | ↓ A ↓ B . From the equation (14), (15), (16) and (17), we derive The green dashed line denotes β = 1, and the region above this line represents β > 1 where the Bell-CHSH inequality is violated. In addition, we observe existence of the region where the Bell-CHSH nonlocality is not found even if the optimal filtering is acted on each detector.
In the right panel of Fig. 4 , the value β for the optimal filtering and the success probability p of the filtering are presented. According to the equation (42), the probability p is O(g 
The value p is around 10 −15 for Ωσ = 2.5 and Ωr = 3 in the right panel of Fig. 4 and also for these parameter, β is larger than 1. Hence, the probability p is much smaller than g 4 0 , which means that the success probability of the Bell-CHSH nonlocality detection is very small. Also we analyze how the quantum correlation of the scalar field is detected through the detectors. In Sec. IV, we give the simple form of the spectrum {λ µ } obtained from the components of the X state (41). Figure 5 shows the behavior of those spectra with Ωσ = 2.5 and we observe that λ 0 is dominant compared to the others. 
B. The initial condition | ↑ A ↑ B
We consider the detection of the quantum correlation for the initial state | ↑ A ↑ B . The components ρ 22 , ρ 33 , ρ 23 and ρ 14 of the reduced density matrix are 
For Ωσ 1 the difference is proportional to Ωσ, which corresponds to the Fermi's golden rule. This implies that the detector with the initially excited state emits the scalar particle spontaneously. We note that the components ρ 22 and ρ 33 are the transition probability of |a, b |0 φ → |−a, b |1 φ and |a, b |0 φ → |a, −b |1 φ , respectively (|1 φ is a one-particle state of the scalar field). As the spontaneous emission is determined by the local dynamics, the detectors' entanglement is not generated by such a emission. Indeed, from the equations (41) we note that the eigenvalue λ 0 is rewritten as
and hence the inequality |ρ 14 of the reduced density matrix are given as
The left panel of Finally let us comment on the trade-off relation between the dimensions of the parameter space showing the Bell-CHSH nonlocality and the success probability p of the optimal filtering operation. Roughly speaking, from the equations (49) and (54), the success probability is determined by the sum |ρ 14 | 2 + ρ 22 ρ 33 + |ρ 23 | 2 , and the eigenvalue λ 0 is given by the difference |ρ 14 | − √ ρ 22 ρ 33 . Thus as the success probability p increases, the eigenvalue λ 0 decreases because the transition probability ρ 22 or ρ 33 of the spontaneous emission grows.
In Fig. 8 and 9 , the detected region of the Bell-CHSH nonlocality is small but the success probability is large. Hence the trade-off relation between the size of detectable parameter region of the Bell-CHSH nonlocality and the success probability is demonstrated for the detection problem with the qubit detectors.
VI. SUMMARY AND CONCLUSION
We investigated the detection of the quantum correlation of a massless scalar field by two qubit detectors. As an initial state, we considered a product state of the detectors and the vacuum state of the scalar field. Under the second order perturbation of the total system dynamics, the two detectors' state can be entangled by the two-point function of the scalar field. Also we focused on the violation of the Bell-CHSH inequality for the qubit detectors.
It is known that the Bell-CHSH nonlocality can be revealed only after the local filtering operation, which is post-selected LOCC by each of two local observers. In general, although it is complicated to construct the optimal filtering operation for revealing the Bell-CHSH nonlocality, we can simply obtain the optimal filtering as the considering detectors' out-state is the X-state. The constructed filtering is given by a post selection after passing through an amplitude damping channel, and the probability for the post selection corresponds to the success probability of the optimal filtering. By examining the negativity and the violation of the Bell-CHSH inequality under the optimal filter, we found that the detection of nonlocal correlation strongly depends on the initial state of the detectors. When the detectors are initially in the ground state, the spacelike region in the parameter space showing the quantum nolocality is larger compared to the region obtained with the initially excited states. This is because the excited detectors spontaneously emit the scalar particles, and such a local dynamics cannot generate the quantum correlation between the the detectors.
Further we focused on the success probability of the optimal filtering for the Bell-CHSH nonlocality detection between spatial separated regions. When the transition probability ρ 22 or ρ 33 describing the spontaneous emission is large, the Bell-CHSH nonlocality is small but the success probability is large. Due to this trade-off relation, the reliable detection of the Bell-CHSH nonlocality becomes non-trivial and we found that the detection of the spacelike
Bell-CHSH nonlocality with a high success probability of the optimal filtering is performed when the detectors' state is initially |↓ A ↑ B . This result gives the suitable model for the reliable detection of the spacelike Bell-CHSH nonlocality through the two qubit detectors.
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Appendix A: components of reduced density matrix
The diagonal components ρ 22 and ρ 33 are obtained from ρ 23 . By inserting the complete set in the equation (8), the non-diagonal component ρ 23 are represented by
where note that the inner product of Φ A a |0 φ and n-particle state for n ≥ 2 or n = 0 is zero. We introduce the regularized mode function of the Minkowski vacuum
where ω k = |k|. The inner product 0 φ |Φ A a |k φ are calculated as
The component ρ 23 is computed as
We get the equation (16) by taking the limit → 0. Next we derive the formula of ρ 14 . Using the Wightman function D + (x−x , t−t ) = 0 φ |φ(x, t)φ(x , t )|0 φ given by the equation (13), 
where the integral variables t 1 and t 2 are changed as
and we carried out the x integration. By using the identity 
The y integration is equivalent to the complex integration given in Fig. 10 . Hence, 
where the second and third terms are the integration along the imaginary axis. For → 0 the sum of those terms is an odd function, and then it does not contribute to the η integration (note that the function of η in front of the equation (A9) is an even function). 
The switching function g(t) is a Gaussian function, and g(t + t 0 ) = g(−t + t 0 ) holds. Thus, dt 2 g(t 1 )g(t 2 ) e iΩ(t 1 +t 2 )−4iΩt 0 φ(x B − x A , t 2 − t 1 )φ(0)|0 φ .
Therefore, we get the equation ρ 14 (−1, −1) = e −4iΩt 0 ρ 14 (1, 1) , that is, |ρ 14 (−1, −1)| =
